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Abstract Analysis of reaction paths in terms of the Continuous Symmetry Measure
(CSM) provides an alternative way to analyze the geometrical changes that take place
during a reaction. Unique symmetry-profiles, describing the symmetry changes along
the internal reaction coordinate were calculated for the cis-trans isomerization reaction
of N2H2 and for its halogeno derivatives. A “symmetry transition point” is identified
at the extremum point along the symmetry-profiles. At this point, the deviation of the
molecule from the rotational symmetry of the reactant is the same as its deviation from
the rotational symmetry of the product. In a second application we show that the CSM
can be used as an alternative reaction coordinate. Calculations at the MP2 and DFT
levels result in similar symmetry profiles.

Keywords IRC · Continuous symmetry measure · Reaction path · Diazene

1 Introduction

Specific geometrical changes which take place in the course of a chemical reaction are
traditionally described in terms of variations in bond lengths, bond angles and dihe-
dral angles. Since in the course of a reaction usually all of these specific parameters
change simultaneously, the structural follow-up of a reaction can be quite complex.
Simplification in the form of a global structural parameter which unifies these spe-
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cific parameters into a single descriptor is therefore an interesting alternative to this
approach. In this paper we present a preliminary exploration of this kind by describing
reaction paths in terms of a unique symmetry measure.

Symmetry is an important factor in determining the interaction between molecules;
the frontier orbital theory of Fukui [1,2] and the Woodward and Hoffman rules [3,4],
are celebrated examples. Thus, a quantitative way to describe the symmetry changes
during a reaction is desirable. In the last two decades, several symmetry and similarity
measures have been developed, e.g., the pioneering work of Mezey et al. [5–7] on
chemical similarity measures and quantum molecular similarity measures in the con-
text of electron density analysis [8] and shape analysis. In particular, Mezey developed
general rules that describe the rate of convergence of symmetry deficiency measures
along chemical reaction paths [9–11]. Similarity measures have also been used in
QSAR studies [12–14] and DNA sequence analysis [15]. Here we focus on the con-
tinuous symmetry measure (CSM) [16–20], which is a global structural parameter,
and which provides a quantitative estimate of the degree of molecular symmetry. This
measure is particularly useful for comparing the symmetry of different molecules, or
symmetry changes within a molecule. The CSM approach, as do other symmetry and
similarity measures, expands the binary language of symmetry: Rather than defining a
particular molecule as symmetric or not, one can—by the CSM approach—determine
its content-level with respect to any desirable symmetry on a continuous scale. This
measure represents, by a single number, the collection of geometrical parameters that
defines the original structure. Since its original development, the method has been
broadened to measure chirality [21,22] and shape [23–26] and proven to be useful
for describing correlations between these structural features and a host of physical,
chemical, and biochemical observables. Recent examples include the shape of inor-
ganic complexes [27–29,31], chirality measures in QSAR [32,33] and chirality of
both organic [34,35] and inorganic [36] compounds. Several applications of the CSM
to study chemical reactions have been published in the last decade. Examples are the
work by Llunell et al. who studied the mechanism of narcissistic reactions [37]; the
works of Pinto et al. on the Stone-Wales rearrangements in fullerenes [38] and the clas-
sification of enantiomerization pathways of butane-like molecules [39]; and the work
of Alemany et al. on the racemization reaction of hexacoordinated transition-metal
complexes [40].

In this article, we report on an application of the CSM approach to the study of
reaction paths as represented by the intrinsic reaction coordinate (IRC) method [41–
45]. For this purpose, we chose the cis-trans isomerization reaction of diazene (N2H2)
and of its halogeno derivatives, which have been intensively studied [46–57]. Azo
compounds, of the form RN=NR, undergo a reversible cis-trans isomerization either
thermally or photochemically, which makes them potential candidates for molecu-
lar switches or for optical data storage systems [52,53,58–60]. Diazene, the simplest
form of these compounds, is also interesting because of its ability to stereospecifically
reduce olefinic bonds [61]. Several mechanisms have been suggested for the cis-trans
isomerization of diazene: inversion, rotation about the N=N double bond, and cleav-
age followed by a subsequent recombination. As shown by Sokalski et al. [53], the
inversion mechanism is the preferable one for the cis-trans isomerization of neutral
diazene. Therefore, we focused on this mechanism, which is described below.

123



1276 J Math Chem (2010) 47:1274–1286

Continuous symmetry analysis of the systems studied here uncovers interesting
data about the structural changes that the reactant undergoes during the reaction. We
also show that the CSM can be used as an alternative reaction coordinate.

2 Computational methods

2.1 IRC calculations

These were performed using Gaussian03 [62] for N2X2 (X = H, F, Cl). Calculations
were carried out at two different levels of theory: Møller-Plesset second-order per-
turbation theory (MP2) [63] and density functional theory (DFT) using the B3LYP
[64,65,67] correlation functional. In both cases, the correlation consistent polarized
valence double-zeta (CC-PVDZ) [68] basis set was used. These levels were chosen
to provide reasonable accuracy. All IRC calculations were verified by repeating them
with a smaller step size, and transition state (TS) geometries were compared to the
literature wherever possible. We do not attempt to provide the most accurate calcula-
tions, rather to show trends and relations between two methods. As our results show,
calculations of the CSM are almost unaffected by the choice of the model.

2.2 CSM calculations

These calculations are based on finding the minimal distance between a given structure
and the nearest, searched structure that belongs to the desired symmetry point group
[16–18,20,69]. For a structure composed of N vertices, the coordinates of which
are {Qk, k = 1, 2, . . . N }, we calculate how much of G-symmetry it has, where G
is a symmetry point group. Let the coordinates of the searched, nearest perfectly
G-symmetric object be at {Pk, k = 1, 2, . . . N }. The continuous symmetry measure
is defined as:

S (G) = 100 × min

N∑

k=1
|Qk − Pk |2

N∑

k=1
|Qk − Q0|2

(1)

Here Q0 is the coordinate vector of the center of mass of the investigated structure. The
denominator in Eq. (1) is a mean square size normalization factor which is introduced
to avoid size effects. The CSM defined in Eq. (1) is a normalized root-mean-square
deviation from the closest structure with the desired symmetry and is independent
of the position, orientation, and size of the original structure. The bounds of S(G)
are between zero and 100. If a structure has the desired G-symmetry, then S(G) = 0
and the symmetry measure increases as it departs from G-symmetry. It is important
to note that the structure with the desired symmetry is unknown at the beginning of
the calculation. The algorithm is based on searching for structures with the desired
symmetry, and then selecting the one that has the minimal distance from the original
structure, according to Eq. (1).
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Fig. 1 The inversion
mechanism for the N2X2
cis-trans isomerization reaction.
X = H, F, Cl

Fig. 2 The symmetry elements
used for the CSM calculations.
a trans-N2H2—inversion point
and a C2 rotation axis,
b cis-N2H2—reflection plane
and a C2 rotation axis

Applying Eq. (1) to molecules requires, as input, the coordinates of the studied struc-
ture, the connectivity of the atoms in the molecule (a list that specifies the way atoms
are connected to each other) and the specific permutation that defines the required
symmetry. The permutation is a list that specifies which atoms are replaced by a spe-
cific symmetry operation. This is important in cases where there is more than one
symmetry element of the same kind (e.g., reflection planes for cis diazene).

2.3 Reaction path and the inversion mechanism

The inversion mechanism for the cis-trans isomerization of diazene and its halogeno
derivatives is shown schematically in Fig. 1. According to this mechanism, one of the
hydrogen (or halogen) atoms rotates in plane from its original location to an opposite
location relative to the N=N bond. The transition state (TS) is a planar structure. To
represent the transition from cis (C2v) to trans (C2h), several symmetry measures
have been calculated, namely of C2, Cs and Ci . Figure 2 represents the correspond-
ing symmetry elements of cis and trans diazene. Note that the C2 rotation axis is
in plane for the cis isomer and perpendicular to the molecular plane for the trans
isomer (Fig. 2). As for Cs , both trans and cis diazene have a reflection plane that coin-
cides with the plane of the molecule, which is preserved throughout the isomerization
(S = 0). Therefore we focused on the perpendicular plane, which characterizes the cis
(the σv plane). Finally, Ci exists in the trans isomer but not in the cis isomer.

3 Results and discussion

3.1 The transition state

The general structure of N2X2 along the inversion mechanism is represented by the
middle structure in Fig. 1. The geometrical parameters for the TS are summarized in
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Table 1 Transition states of N2X2 (X = H, F, Cl)

Geometric B3LYP/ MP2/ MP2 QCISD/LANL2DZdp CASSCF/
parametersa CCPVDZ CCPVDZ [54] 63111G(3df,2p)

[53]

N2H2 α (deg) 109.6 108.8 109.2b 108.6 109.5

β (deg) 177.3 177.6 178.0b 178.3 178.2

R12 (Å) 1.079 1.068 1.062b 1.064

R23 (Å) 1.228 1.244 1.244b 1.251 1.237

R34 (Å) 0.997 0.997 0.996b 1.007

N2F2 α (deg) 110.2 109.6 108.9c

β (deg) 171.5 170.7 170.0c

R12 (Å) 1.642 1.711 1.743c

R23 (Å) 1.168 1.172 1.176c

R34 (Å) 1.301 1.296 1.303c

N2Cl2 α (deg) 113.1 111.8

β (deg) 169.8 167.9

R12 (Å) 2.200 2.230

R23 (Å) 1.157 1.172

R34 (Å) 1.624 1.623
a Parameters are defined in Fig. 1
b MP2/6-31G(d)b [49]
c MP2/DZP [46]

Table 1. As is evident from the table, there is good agreement between the B3LYP and
MP2 results, and between our calculations and other methods reported in the literature:
MP2/6-31G(d) [49] QCISD/LANL2DZdp [54], and CASSCF/6-3111G(3df,2p) [53]
for diazene and MP2/DZP [46] for difluorodiazene. As will be shown, the minor dif-
ferences between bond lengths and bond angles of the two methods are insignificant
to the continuous symmetry analysis. Therefore, for the sake of simplicity, we will
continue our discussion with the DFT calculations.

3.2 The IRC energy profile

Energy profiles calculated at the B3LYP/CC-PVDZ level along the IRC coordinate
for the three N2X2 molecules are shown in Fig. 3. In order to present all curves on the
same scale, the energies of each curve were scaled according to:

Erel = E − E (reactant) (2)

DFT calculations on difluorodiazene lead to the cis isomer for negative IRC values
and the trans isomer for positive IRC values. This is in contrast to diazene and dichlo-
rodiazene for which negative IRC values lead to the trans isomer and positive IRC
values resulted in the cis isomer. In order for all reactions paths to start with the trans
isomer at negative IRC values, the IRC values for difluorodiazene were reversed (i.e.,
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Fig. 3 Energy profiles for the
N2X2 cis-trans isomerization
reaction (X = H, F, Cl) calculated
at the B3LYP/CC-PVDZ level.
Energies have been scaled
according to Eq. (2)

IRC → -IRC) in Fig. 3. As is evident from Fig. 3, the trans isomer is more stable for
diazene while the cis isomer is more stable for difluorodiazene and dichlorodiazene.
As has been reported before, the cis effect originates from the dominance of lone-pair
hyperconjugation on the basic electronic structure and energetic natures of 1,2-dihalo-
diazene systems [52,56]. Calculations at the MP2 level gave similar results and are
not shown here.

3.3 Symmetry changes along the IRC coordinate

The CSM can be used to describe reactions in two different ways. The first, as a newly
defined structural property that changes along the IRC, which we term the “symme-
try profile of the reaction.” The second—as an alternative reaction coordinate—is
described in the next section. Figure 4 presents the symmetry profiles of the N2X2
cis-trans isomerization reaction with respect to the C2 rotation group: each point along
the curve answers the question: How far is the structure from having C2 symmetry?
Two main observations can be made:

a. The symmetry profile curves have a discontinuous maximum point. We call this
point a symmetry transition point (STP): The structure at this point is the far-
thest—along the reaction pathway (as represented by the IRC or by other coordi-
nates)—from having the analyzed symmetry. In our example, the reason for the
discontinuity is that left to the STP, the nearest symmetric structure at each point
resembles the trans isomer, and the rotation axis is perpendicular to the molecular
plane; to the right the nearest symmetric structure at each point resembles the cis
isomer and the rotation axis is in plane (see Fig. 2). Also, in our case, the sym-
metry deviation from the reactant symmetry equals its deviation from the product
because both ends are of S = 0 values; in general this need not be the case. Note
that the STP is different from the TS: The geometrical parameters of the STPs
for the N2X2 reactions are presented in Table 2. Cases where the points coincide
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Fig. 4 Symmetry profile for the
N2X2 cis-trans isomerization
reaction (X = H, F, Cl). Plotted
are the variations in the degree
of C2 rotational symmetry along
the IRC. The energy transition
state is at the intersection of
each curve with the vertical
dashed line at IRC = 0

are possible and will be reported separately. As can be seen from Table 2, the
geometry of the STPs calculated at the B3LYP level is in very good agreement
with the MP2 calculation.

b. The value of S(C2) at the STP can be treated as a measure of the maximum dis-
tortion (in terms of rotational symmetry) that the molecule undergoes during the
reaction along the IRC. It is highest for N2F2 and decreases in the order F > Cl >
H. A similar trend was obtained at the MP2 level of calculation. In other words,
the isomerization process of cis-N2F2 to trans-N2F2 undergoes more symmetry
distortion as compared with N2Cl2 and N2H2. Figure 5 shows the STP structures
of the different molecules superimposed on each other. The trend of the distortion
may be related to the lone pair hyperconjugation effect as discussed by Yamamoto
et al. [56], and requires further investigation.

In order for an STP to emerge, distortion from a symmetry element which exists
(or nearly exists) in the reactant and product must characterize the reaction pathway.
Other relevant symmetries need not follow this rule, and the distortion may grow
continuously along the reaction coordinate. This is seen in Fig. 6 where, in addition
to rotation, the behavior of inversion and reflection are shown. It is seen that their
measures depart continuously from the isomers which are characterized by them (the
trans isomer with inversion and the cis isomer with reflection symmetry (Fig. 2; the
energy changes are also shown for reference). Having in mind the partial IRC calcu-
lations—which do not continue all the way to the reactant and product—and which
are carried out to test the validity of a TS structure, plotting the deviation from sym-
metries that characterize a structure—reactant or product (inversion and reflection in
this case) helps in identifying the reactant and product points, without need of their
specific structures or of their energy difference. It is also seen that for the process
trans → STP, S(C2) = S(Ci ), while for the process STP → cis, S(C2) = S(Cs). In
other words, for a trans-like structure—inversion and rotation lead to the same nearest
symmetric structure, while for the cis-like structure, reflection and rotation lead to the
same structure, as expected for two-dimensional molecules. Similar plots, not shown
here, were obtained for N2F2 and N2Cl2.
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Table 2 Symmetry transition points of N2X2 (X = H, F, Cl)

Geometric parametersa B3LYP/CC-PVDZ MP2/CC-PVDZ

N2H2 α (deg) 106.7 105.7

β (deg) 156.6 157.0

R12 (Å) 1.066 1.067

R23 (Å) 1.232 1.249

R34 (Å) 1.006 1.007

S (C2) 3.6950 3.8010

IRC (Bohr amu1/2) −0.59893 −0.59894

Energy ( kcal/mol) −69,390.4 −69,192.8

N2F2 α (deg) 95.3 94.9

β (deg) 139.4 139.6

R12 (Å) 1.707 1.747

R23 (Å) 1.184 1.191

R34 (Å) 1.357 1.358

S (C2) 4.9376 5.0333

IRC (Bohr amu1/2) −2.18819 −1.99975

Energy ( kcal/mol) −193,877.5 −193,414.1

N2Cl2 α (deg) 94.5 94.3

β (deg) 131.5 131.5

R12 (Å) 2.241 2.248

R23 (Å) 1.164 1.181

R34 (Å) 1.797 1.781

S (C2) 4.1178 4.2420

IRC (Bohr amu1/2) −3.38857 −3.14956

Energy ( kcal/mol) −646,213.9 −645,277.8
a Parameters are defined in Fig. 5

Fig. 5 Geometry of the N2X2
molecules at the symmetry
transition point (STP)
superimposed one on the other.
See Table 2 for bond lengths and
bond angles
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Fig. 6 Symmetry profiles for
the N2H2 cis-trans
isomerization reaction with
respect to reflection, S(Cs ),
inversion, S(Ci ), and rotation,
S(C2). Energy changes are
shown as well. Calculated
at the B3LYP/CC-PVDZ level

Figure 7 demonstrates, for the diazene system, the independence of the symmetry
measures on the quantum-mechanical method—DFT or MP2—as compared to the
sensitivity of the energy values: the symmetry profiles almost coincide. Calculations
at the HF level, not shown here, gave less accurate results for the energy of the process,
but similar results for the symmetry profiles. Similar results have been obtained for
difluorodiazene and dichlorodiazene and are not shown here. Preliminary results on
other systems imply that this effect is not particular to the N2X2 system. This behavior
of the CSM as a structural parameter, suggests that a high level of IRC calculations
may not be necessary for the symmetry analysis of reaction paths.

3.4 The symmetry measure as a reaction coordinate

The CSM can be used not only as a varying structural property, as demonstrated above,
but also as a reaction coordinate, along which other process parameters—energy is
the most common one—can be drawn. Figure 8 presents the energy profiles of the
N2X2 cis → trans isomerization reactions (calculated at the B3LYP/CC-PVDZ level)
using either S(Cs) or S(Ci ) as reaction coordinates. Note that the reactant and product
can be identified on these plots simply by their symmetry. The shape of these plots is
similar to the regular energy profile with the transition state at the maximum point on
each graph. Such shapes are obtained when the symmetry measure increases continu-
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Fig. 7 Rotational symmetry
profiles and energy profiles for
the N2H2 cis-trans
isomerization reaction:
comparison of the DFT and MP2
methods

Fig. 8 a Energy profiles of the N2X2 cis → trans isomerization reactions with S(Cs ) as the reaction
coordinate. b Energy profiles of the N2X2 trans → cis isomerization reactions with S(Ci ) as the reaction
coordinate

ously along the process. Different plots are obtained when the CSM passes through a
maximum, as for S(C2) in our case. Closed loops are obtained, as seen in Fig. 9 (cal-
culated at the B3LYP/CC-PVDZ level; similar plots, not shown here, were obtained
at the MP2 level), where the reactant and product are identified by the crossing points
with the energy axis (S(C2) = 0). Note that although this is a novel type of a curve,
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Fig. 9 Energy profiles of the N2X2 cis → trans isomerization reactions with S(C2) as the reaction coor-
dinate, calculated at the B3LYP/CC-PVDZ level a N2H2, b N2F2, c N2Cl2

the CSM is a “well behaved” coordinate in the sense that it preserves the TS as the
maximum point of the plot. The STP points, namely the maximum deviation from C2
rotational symmetry, characterize the turning point of the loops.

4 Conclusions

In this paper, an analysis of reaction paths in terms of continuous symmetry measures
has been presented for the cis-trans isomerization reaction of N2H2 and for its halo-
geno derivatives. Symmetry profile plots describe the change in symmetry along the
reaction coordinate. This type of plots provides an alternative way to follow reaction
paths, using a global structural parameter, additionally to the common use of specific
molecular geometry parameters. If the symmetry element chosen characterizes both
the reactant and product, a symmetry transition point of a reaction is revealed: a point
that marks the switch from a reactant-like molecule to a product-like molecule. For the
studied reactions, the deviation from rotational symmetry at the symmetry transition
point determines the maximal amount of distortion the reactant undergoes during a
reaction in terms of rotational symmetry. If the symmetry element chosen character-
izes only one of the reactant or product, then the resulting symmetry profile allows
for identification of the reactant and product and can help in the analysis of partial
IRC calculations. We showed as well, that CSMs can be useful as alternative reaction
coordinates.

In general, the analysis of reaction paths by the CSM offers an alternative way to
describe reaction processes. Our results suggest that the approach is hardly affected by
the choice of the quantum-mechanical level of theory, as expected from a geometrical
parameter. CSMs can be calculated analytically [69] and therefore make the calcu-
lations fast and easy to perform. The approach allows for a comparison of reactions
in terms of spatial distortions and provides a unique point of view of the structural
changes that take place during a reaction.
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